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ARITHMETIC OF QUATERNION ORIGAMI
RACHEL DAVIS AND EDRAY HERBER GOINS
Abstract. We study origami f : C → E with G-Galois cover Q8. For a point P ∈ E(Q)\ {O}, we study
the field obtained by adjoining to Q the coordinates of all of the preimages of P under f . We find a defining
polynomial, fE,Q8,P , for this field and study its Galois group. We give an isomorphism depending on P
between a certain subfield of this field and a certain subfield of the 4-division field of the elliptic curve.
MSC2010: 11R32, 12E05, 12F05, 13P15, 14H30, 14H45, 14H52, 20B35
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1. Introduction
Let E be an elliptic curve over Q with affine Weierstrass model given by y2 = x3 + ax + b and with point
at infinity given in projective coordinates by O = (0 : 1 : 0). An origami is used as a mathematical term
for covers of an elliptic curve, ramified above at most one point. Quaternion origami, specifically, have been
studied by Herrlich and Schmithu¨sen [19].
Origami are the G-structures of elliptic curves in the notation of Chen [7]. We will consider G = Q8-
structures on X = E − {O}, in the notation of [7] and [8]. By [12], the image of Grothendieck’s outer
Galois representation associated to E, in this case, is isomorphic to the image of the 2-adic Tate module
representation associated to E. Chen and Deligne [8, Theorem 5.1.1], prove that any metabelian 2-generated
group, such as Q8, corresponds to congruence. Their result is also related to the images of Grothendieck’s
outer Galois representations associated to E. We study the quaternion origami curve in order to give an
analogue of a division polynomial for elliptic curves, fE,Q8,P , to study the Galois theory of the splitting field
of this polynomial, and to understand field-theoretic implications of outer Galois representation results [12],
[8] in the smallest non-abelian, 2-group case. The case G = S3 is also metabelian and can be understood as
an example of the dihedral covers case.
We define and work with fields extensions Q([4]−1P )/Q and the splitting field of fE,Q8,P over Q and prove
that there is necessarily more overlap than given by initial analysis. We expect some overlap from the outset
because both fields extensions will always contain the field extension Q([2]−1P )/Q. Let g = x4−4∆x−12a∆
where ∆ = −16(4a3 + 27b2). The splitting field of g over Q is a subfield of Q(E[4])/Q which is a subfield of
Q([4]−1P )/Q. The main theorem of this article is that the splitting field of g over Q is also contained in the
splitting field of fE,Q8,P over Q. Once there are two common S4-extensions of Q containing the 2-division
field of E, there is also a third common S4-extension of Q [3, Proposition 1.1], [9, Theorem 2.4].
There is a Galois representation associated to fE,Q8,P and a quotient of this representation obtained by
forgetting the extra information of the point, P . In the Q8 case, one consequence of the main result is that
information from the Galois representation that is independent of the point is already encoded in the mod 4
representation of the elliptic curve. We already knew, by [12] that the information was completely encoded
by the 2-adic representation. The result in this paper also gives an explicit isomorphism (depending on P )
between 2 quartic fields: one field depends on E and P and the other field (obtained by adjoining the roots
of g to Q), depends only on E.
For G = Q8, the Galois group of the splitting field of fE,Q8,P over Q is related to Hol(Q8), the holomorph of
Q8 see 4.2. In general, for G a fixed finite group, Saltman has related lifting and approximation problems for
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2 RACHEL DAVIS AND EDRAY HERBER GOINS
G-Galois extensions to Noether’s problem and to generic Galois extensions [26]. Noether’s problem implies
more than the appearance of G as a Galois group. It further gives ways in which G-Galois extensions can
be ‘parameterized’ See [22] and Saltman’s survey article [25].
2. Tate module representations
For E over Q with Weierstrass model y2 = x3 + ax+ b, the n-division polynomials are a recursively defined
sequence in Z[x, y, a, b] ψ0 = 0, ψ1 = 1, ψ2 = 2y, ψ3 = 3x4 + 6ax2 + 12bx − a2, ψ4 = 4y(x6 + ax4 +
20bx3−5a2x2−4abx−8b2−a3), . . . , ψ2m+1 = ψm+2ψ3m−ψm−1ψ3m+1 for m ≥ 2, ψ2m =
(
ψm
2y
)
(ψm+2ψ
2
m−1−
ψm−2ψ2m+1) for m ≥ 3. See [29], [30] for background on elliptic curves and division polynomials.
Let P = (xP , yP ) ∈ E(Q) \ {O}. Define
[n]P = P ⊕ P ⊕ . . .⊕ P =
(
φn(xP )
ψ2n(xP )
,
ωn(xP , yP )
ψ3n(xP , yP )
)
where φn = xψ
2
n − ψn+1ψn−1, ωn = ψn+2ψ
2
n−1−ψn−2ψ2n+1
4y .
Define the n-division points of E as E[n] =
{
P ∈ E(Q)|[n]P = O}. Denote the n-division field by Q(E[n]).
This is the field obtained by adjoining all of the n-division points of E to Q. Fix a prime ` and define the
Tate module to be the inverse limit T`(E) = lim←−
n
E[`n].
Fix an algebraic closure Q of Q. Let GQ denote the absolute Galois group of Q over Q. Then, GQ permutes
the n-division points. Let ρE,n : GQ → Aut(E[`n]) denote the representation of the absolute Galois group
on the n-division points.
The [`n]-division points are isomorphic to (Z/`nZ)2, so after a choice of basis, Aut(E[`n]) can be identified
with GL2(Z/`nZ).
Taking inverse limits, yields the `-adic Tate representation, which we will denote ρE,` : GQ → GL2(Z`).
Serre shows the following lifting and surjectivity results for the `-adic representations (see [27], [28]):
• ` = 2 The map ρE,2 is surjective if and only if ρE,8 is surjective.
• ` = 3 The map ρE,3 is surjective if and only if ρE,9 is surjective.
• ` ≥ 5 The map ρE,` is surjective if and only if ρE,` is surjective.
3. Preimages of a point
Now, fix a point P = (z, w) ∈ E(Q). Consider the set
V = [n]−1P =
{
Q ∈ E(Q)|[n]Q = P}
For example, when P = O, this is the set of n-division points. This is no longer group in general, but we
can still adjoin the coordinates of such points to Q and find the Galois group of the extension. From now
on, let P ∈ E(Q)\ {O}.
The Galois group of Q([n]−1P ) over Q is a subgroup of the affine general linear group
1→ (Z/nZ)2 → AGL2(Z/nZ)→ GL2(Z/nZ)→ 1
e.g. for n = 2
1→ (Z/2Z)2 → S4 → S3 → 1
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AGL2(Z/nZ) =

 a b ec d f
0 0 1
 : a, b, c, d, e, f ∈ (Z/nZ) and ad− bc 6= 0

Fxing ` and taking an inverse limit yields a representation
ρE,`,P : GQ → Aut(Z2`) ' AGL2(Z`)
Affine general linear representations associated to elliptic curves have been studied, for example, see [10],
[4], and [11].
3.1. Division by 2. Fixing n = 2, we find that φ2(x) = 4x(x
3 + ax + b) − (3x4 + 6ax2 + 12bx − a2) =
x4 − 2ax2 − 8bx+ a2. Fix P = (z, w). If Q = (x, y) ∈ [2]−1P , then
(z, w) =
(
x4 − 2ax2 − 8bx+ a2
4(x3 + ax+ b)
,
(x6 + 5ax4 + 20bx3 − 5a2x2 − 4abx− 8b2 − a3)
2(x3 + ax+ b)
)
Solving, we find that fx = fE,[2]−1P,x(x) = (x
4 − 2ax2 − 8bx + a2) − z(4(x3 + ax + b)) = 0 and fx,y =
fE,[2]−1,P,x,y(x, y) = (x
6 + 5ax4 + 20bx3 − 5a2x2 − 4abx − 8b2 − a3) − w(8y(x3 + ax + b)). Bayer and Frey
[3, p.402] studied fx in order to study Galois representations of octahedral type and 2-covering of elliptic
curves.
Example: Let E be the elliptic curve with Cremona reference ‘83a1’. Then a = 1269, b = −10746, and
∆ = 21231283. By [14], ρE,2 is surjective if and only if x
3 +ax+ b is surjective and ∆ 6∈ Q2 The Galois group
of the splitting field of x3 + ax+ b over Q is S3 ' GL2(Z/2Z). Therefore, ρE,2 is surjective. In fact, ρE,8 is
surjective, so ρE,2 is surjective. See [24] for more discussion about the images of 2-adic Galois representations
associated to elliptic curves. Also, the discriminant of the maximal order of the degree 3 field obtained by
adjoining one root of the 2-division polynomial is 83.
The polynomial T4(x) = x
12 + 54bx10 + (132a3 + 891b2)x8 + (432a3b + 2916b3)x6 + (−528a6 − 7128a3b2 −
24057b4)x4 + (864a6b + 11664a3b3 + 39366b5)x2 − 64a9 − 1296a6b2 − 8748a3b4 − 19683b6 given in [13] is
x12 − 22361991x10 + 28313111831x8 − 2113188311991x6 − 216325111832x4 − 2183308321991x2 − 224336833 and
its Galois group is GL2(Z/4Z) in this case.
Fix the point P = (15,−108) ∈ E(Q). Then the [2]−1P polynomials are given by fx(x) = x4 − 60x3 −
2538x2 + 9828x + 2255121 and fx,y(x, y) = x
6 + 6345x4 + 864x3y − 214920x3 − 8051805x2 + 1096416xy +
54546696x−9284544y−2967360237. Taking fy = Res(fx, fx,y, x) = fy = y4+864y3+34992y2−11292058368,
see 4.2, we see Gal(fx(x)/Q) = Gal(fy(y)/Q) = Gal(fx(x)fy(x)) = S4 ' AGL2(Z/2/Z) and the discriminant
of the maximal order of the degree 4 field obtained by adjoining one root of the this polynomial is 2483.
Similarly, we can define fx = fE,[4]−1P,x(x), fxy = fE,[4]−1P,x,y(x, y), and fy = fE,[4]−1P,y(y), then Gal(fx(x)/Q) =
Gal(fy(y)/Q) = Gal(fx(x)fy(x)/Q) = AGL2(Z/4Z).
4. Geometry of a quaternion origami
Definition 4.1. An origami is a pair (C, f) where C is a curve and f : C → E is a map branched at at
most one point.
Definition 4.2. A deck transformation or automorphism of a cover f : C → E is a homeomorphism
g : C → C such that f ◦ g = f .
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4.1. Grothendieck background. Let X = E \ {O}.
There is an exact sequence of fundamental groups (for example, see [21])
1→ pi1(XQ)→ pi1(X)→ GQ → 1
which group-theoretically gives rise to a representation
ρX : GQ → Aut(pi1(XQ)).
Comparison theorems allow determination of the geometric fundamental group, pi1(XQ), by considering the
variety X over C [15].
In the case of a once-punctured elliptic curve, the once-punctured torus can be deformed to a wedge sum
of 2 circles and its fundamental group is a free group on 2 generators. The e´tale fundamental group of X
is a free pro-` group on 2 generators. Therefore, any two-generated `-group will arise as the group of deck
transformations of some origami curve over E. For example, the quaternion group of order 8 is the smallest
non-abelian example of a 2-group generated by 2 generators.
4.2. Teichmu¨ller theory. This section is due to work by Herrlich and Schmithu¨sen. See for example,
especially, [18] on “An extraordinary origami curve”. Also, see [17] and [19].
Consider the ramified map f : C → E → E
Letting X = E \ {O}, Y = E \ {E[2]}, Z = C \ {f−1(O)}, so that
Z Y
X
Z/2Z
Q8
V4
is the same as the origami with the branch points removed.
Consider the elements of the group Q8 = {±1,±i,±j,±k}. The defining relations are i2 = j2 = k2 = −1,
ij = −ji = k, (−1)2 = 1. Thus, ik = −ki = −j and jk = −kj = i. Draw 8 squares, one labeled with each
element of the group. Glue the squares horizontally (respectively vertically) so that the right neighbor of
the square labeled g has label g · i and its top neighbor has label g · j.
or
The complex has 8 faces, 16 edges, and 4 vertices. Using the Euler characteristic formula, 2−2g = v−e+f ,
the genus of the curve C is 3. Next, applying the Riemann-Hurwitz formula,
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f : C → E
Then,
2g(C)− 2 = deg(f)(2g(E)− 2) +
∑
P∈E
(eP − 1),
with g(C) = 3, g(E) = 1, and deg(f) = 8. This gives that there are 4 points ramified in C, each with
ramification degree 2.
In fact, Herrlich and Schmithu¨esen [18] give that the map C → E is given by (x, y) 7→ (x, y2) and C : y4 =
x3 + Ax + B. This is an example of a superelliptic curve. Let Eλ : y
2 = x(x − 1)(x − λ) and Wλ : y4 =
x(x − 1)(x − λ). Then, Herrlich and Schmithu¨esen show [18, Proposition 7] that for all λ ∈ P1\ {0, 1,∞},
the Jacobian of this genus 3 curve, Jac(Wλ) is isogenous to Eλ × E−1 × E−1.
Let P = (z, w) ∈ E(Q) be a rational point of E, distinct from the origin. Then f−1(P ) consists of a set of
8 distinct points on C. The x-coordinates of these points are the x-coordinates of the [2]−1P points. The
y-coordinates are given by square roots of the y-coordinates of the [2]−1P points. To find a polynomial
for the [2]−1P polynomial in terms of the y-coordinates, we can take the resultant of the polynomials
(x4−2ax2−8bx+a2)−z(4(x3+ax+b)) and (x6+5ax4+20bx3−5a2x2−4abx−8b2−a3)−w(8y(x3+ax+b)).
Doing so, we find that a division polynomial for the y-coordinates of the [2]−1P points is given by
y4w4 − 8y3azw3 − 8y3bw3 − 8y3z3w3 + 12y2a2z2w2 + 30y2abzw2 + 12y2az4w2 + 18y2b2w2 + 18y2bz3w2
− 4a5z2− 8a4bz− 8a4z4− 4a3b2− 8a3bz3− 4a3z6− 27a2b2z2− 54ab3z− 54ab2z4− 27b4− 54b3z3− 27b2z6
Next, we will reduce each coefficient using the relation w2 = z3 + az + b since P = (z, w) ∈ E(Q).
For example, the y3 coefficient is
−8w3[az + b+ z3] = −8w3[w2].
The y2 coefficient of the polynomial is
6w2[2a2z2 + 5abz + 2az4 + 3b2 + 3bz3]
= 6w2[2a2z2 + 2abz + 3abz + 2az4 + 3b2 + 3bz3]
= 6w2[2az(z3 + az + b) + 3b(z3 + az + b)]
= 6w2[w2][2az + 3b]
Using that
(w2)2 = (z3 + az + b)2 = z6 + 2bz3 + b2 + 2az4 + 2abz + a2z2
the constant coefficient of the polynomial is
− 4a3[a2z2 + 2abz + 2az4 + b2 + 2bz3 + z6]− 27b2[a2z2 + 2abz + 2az4 + b2 + 2bz3 + z6]
= (−4a3 + 27b2)[w4]
Therefore, the division polynomial for the y-coordinates of the [2]−1P points can be simplifed to the following:
y4w4 − 8w5y3 + 6w4[2az + 3b]y2 + w4[−4a3 + 27b2]
Then, if w 6= 0, we can divide this polynomial by w4 to find:
y4 − 8wy3 + 6(2az + 3b)y2 − (4a3 + 27b2)
.
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Example: Fix E=‘83a1’ in Cremona notation and point P = (15,−108) ∈ E(Q). Then the [2]−1P poly-
nomials are given by fx = x
4 − 60x3 − 2538x2 + 9828x + 2255121 and fxy = x6 + 6345x4 + 864x3y −
214920x3 − 8051805x2 + 1096416xy + 54546696x − 9284544y − 2967360237, and fy(x) = x4 + 864x3 +
34992x2 − 11292058368, we see that Gal(fy(x)/Q) = S4 ' AGL2(Z/2/Z) and the discriminant of the max-
imal order of the degree 4 field obtained by adjoining one root of fy to Q is 2483. In fact, this is the same
field as adjoining the roots of fx to Q.
To take square roots of the roots of this polynomial, we can plug in y2 for y and find that
fE,Q8,P = y
8 − 8wy6 + 6(2az + 3b)y4 − (4a3 + 27b2).
Note that −P = (z,−w) is also a rational point on the curve. We have that
fE,Q8,−P = y
8 + 8wy6 + 6(2az + 3b)y4 − (4a3 + 27b2).
Another way to find both fE,Q8,P and fE,Q8,−P is to first take the resultant of
(x4 − 2ax2 − 8bx+ a2)− z(4(x3 + ax+ b))
and
y2 − (x3 + ax+ b)
eliminating x. This yields
r = y8 − 40y6az − 28y6b− 64y6z3 − 8y4a3 + 144y4a2z2
+ 432y4abz + 270y4b2 − 96y2a4z − 144y2a3b− 648y2ab2z − 972y2b3 + 16a6 + 216a3b2 + 729b4
Let s denote the polynomial obtained by evaluating r at y2.
Note that fE,Q8,P fE,Q8,−P = (y
8−8wy6+6(2az+3b)y4−(4a3+27b2))(y8+8wy6+6(2az+3b)y4−(4a3+27b2)).
Then, s − fE,Q8,P fE,Q8,−P = −64y12az − 64y12b − 64y12z3 + 64y12w2 = 64y12[−az − b − z3 + w2]. Since
(z, w) ∈ E(Q), w2 − z3 − az − b = 0, so s = fE,Q8,P fE,Q8,−P .
For our running example: take E = ‘83a1′ and P = (15,−108). Then,
fE,Q8,P = y
8 + 864y6 + 34992y2 − 11292058368
and
fE,Q8,−P = y
8 − 864y6 + 34992y2 − 11292058368.
Here,
Gal(fE,Q8,P /Q) = Hol(Q8)
and
Gal(fE,Q8,−P /Q) = Hol(Q8).
where the holomorph of a group is the semi-direct product Hol(G) = G o Aut(G) where the action φ :
Aut(G)→ Aut(G) is the identity [16].
There is exact sequence
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1→ G→ Hol(G)→ Aut(G)→ 1.
In particular, there is an exact sequence
1→ Q8 → Hol(Q8)→ Aut(Q8) ' S4 → 1.
Remark 4.3. The group Hol(Q8) is SmallGroup(192, 1494) in Magma notation [5].
Remark 4.4. In the special case E = ‘83a1′ and P = (15,−108), the Gal(fE,Q8,P fE,Q8,−P /Q) = SmallGroup(384, 20090)
in Magma notation [5].
Theorem 4.5. Let E : y2 = x3 + ax+ b be an elliptic curve over Q. Fix a point P = (z, w) ∈ E(Q) \ {O}.
Suppose that the representation ρE,[2]−1P surjects onto S4. Let LP denote the splitting field of the polynomial
fP (x) = x
8 − 8wx6 + 6(2az + 3b)x4 − (4a3 + 27b2).
Then Gal(LP /Q) ↪→ Hol(Q8).
Proof. Let ∆ = −16(4a3 + 277b2). Let r(x) = x4 − 8wx3 + 6(2az + 3b)x2 − (4a3 + 27b2) be the degree 4
polynomial whose roots are the y-coordinates of [2]−1P and s(x) = x2. Then, fP (x) = r(s(x)).
We have that Gal(Q([2]−1P )/Q) ≤ AGL2(Z/2Z) ' S4. Since this representation is surjective, the resolvent
cubic of r(x) has Galois group, S3 over Q. This is the same as the mod-2 representation of E by studying
affine general linear representations. Therefore, ρE,2 is surjective. Thus, E has no rational points of order
2, so by [6, Corollary 5.3(3)], neither of ±∆ is a square.
By Odoni [23][Lemma 4.1], Gal(r(s(x))/Q) ↪→ S2 o S4 = SmallGroup(384, 5604).
By Proposition 9.7.2 in [2], the Galois group of the polynomial over Q is contained in A8, the alternating
group of order 8, if and only the discriminant of the polynomial has a square root in Q.
Suppose A = anx
n + . . . + a0. Then, Discx(A) =
(−1)(
n(n−1)
2 )
an
Resx(A,A
′), where A′ is the derivative of A.
Taking A = x8 − 8wx6 + 6(2az + 3b)x4 − (4a3 + 27b2), then A′ = 8x7 − 48wx5 + 24(2az + 3b)x3 and the
discriminant is −232(4a3 + 27b2)3(81z4a4 − 108z3w2a3 + 486z3a3b − 486z2w2a2b + 18z2a5 + 1215z2a2b2 −
108zw2a4−1458zw2ab2+54za4b+1458zab3+108w4a3+729w4b2−162w2a3b−1458w2b3+a6+54a3b2+729b4)2.
Because of the (4a3 + 27b2)3 factor and since ±∆ is not a square, the discriminant of the polynomial is not
a square and therefore the Galois group is not contained in A8.
Next, we consider the transitive subgroups of S8, which are also subgroups of S2 oS4, which are not subgroups
of A8, and that have an S4-quotient. Except for S2 o S4, all such subgroups are subgroups of Hol(Q8), so it
remains to rule out S2 o S4 as a possible Galois group.
To do so, we will follow [20, p.37]. Consider a degree 8 polynomial f(x) =
8∏
i=1
(x − αi) in the form r(x2),
where r(x) = x4 + c3x
3 + c2x
2 + c1x + c0 = (x − r1)(x − r2)(x − r3)(x − r4). Suppose that α1α8 = r1,
α2α7 = r2, α3α6 = r3, and α4α5 = r4. To distinguish between Galois groups Hol(Q8) and S2 o S4, we first
construct the polynomial g as the 2-set resolvent of the degree 4 factor of the 2-set resolvent of f . Next, the
3-set resolvent of g has an irreducible factor h of degree 12. If Gal(f/Q) = Hol(Q8) (respectively S2 o S4),
then h factors (respectively is irreducible over k(
√
D), where D is the discriminant of f .
The degree 4 factor of the 2-set (product) resolvent of f is a degree 4 polynomial with roots α1α8, α2α7,
α3α6, α4α5. This polynomial is
4∏
i=1
(x− ri) = r(x) = x4 − 8wx3 + 6(2az + 3b)x2 − (4a3 + 27b2), the [2]−1P
polynomial. The polynomial k(x) is the 2-set resolvent of r(x), so k(x) = (x− r1r2)(x− r3r4)(x− r1r3)(x−
r2r4)(x− r1r4)(x− r2r3). Let s1 = r1r2, s2 = r3r4, s3 = r1r3, s4 = r2r4, s5 = r1r4, s6 = r2r3 be the roots
of k(x).
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In general, for a degree 4 polynomial r(x) = (x− r1)(x− r2)(x− r3)(x− r4) = x4 + c3x3 + c2x2 + c1x+ c0
defined over a number field k, the degree 6 2-set (product) resolvent polynomial is given by k(x) = x6 −
c2x
5 + (−c1c3 − c0)x4 + (−c0(c23 − 2c2) − c21)x3 + c0(−c1c3 − c0)x2 − c20c2x + c30. In the case that r(x) =
x4−8wx3+6(2az+3b)x2−(4a3+27b2), the degree 6 polynomial k(x) is given by k(x) = x6−(12az+18b)x5+
(4a3+27b2)x4+(4a3+27b2)(64w2−24az−36b)x3−(4a3+27b2)2x2−(4a3+27b2)2(12az+18b)x+(−4a3−27b2)3.
For example, for elliptic curve ‘83a1’ with P = (z, w) = (15,−108), fP (x) = x8 + 864x6 + 2437x4 −
28312831, r(x) = x4 + 864x3 + 2437x2 − 28312831, k(x) = x6 − 2437x5 + 28312831x4 + 213318291831x3 −
216711911031228112579152091x2 − 220331832x− 224336833.
Next, the 3-set (sum) resolvent of k(x) has an irreducible degree 12 factor h(x) = (x − (s1 + s2 + s3))(x −
(s1 + s2 + s4))(x− (s1 + s2 + s5))(x− (s1 + s2 + s6))(x− (s1 + s3 + s4))(x− (s1 + s5 + s6))(x− (s2 + s3 +
s4))(x− (s2 + s5 + s6))(x− (s3 + s4 + s5))(x− (s3 + s4 + s6))(x− (s3 + s5 + s6))(x− (s4 + s5 + s6)).
Using Vieta’s formulas, gives that the degree 12 factor of the 3-set (sum) resolvent of k(x) is given in
Appendix A.
The degree 12 polynomial h(x) factors as (x6 + (−36az− 54b)x5 + (20a3 + 432a2z2 + 1296abz+ 1107b2)x4 +
(−480a4z − 720a3b − 1728a3z3 − 7776a2bz2 − 14904ab2z − 10692b3)x3 + (240a6 + 4608a5z2 + 13824a4bz −
3072a4zw2 + 13608a3b2− 4608a3bw2 + 31104a2b2z2 + 93312ab3z− 20736ab2zw2 + 80919b4− 31104b3w2)x2 +
v1x+ v3)(x
6 + (−36az− 54b)x5 + (20a3 + 432a2z2 + 1296abz+ 1107b2)x4 + (−480a4z− 720a3b− 1728a3z3−
7776a2bz2−14904ab2z−10692b3)x3+(240a6+4608a5z2+13824a4bz−3072a4zw2+13608a3b2−4608a3bw2+
31104a2b2z2 + 93312ab3z − 20736ab2zw2 + 80919b4 − 31104b3w2)x2 + v2x + v4), where v1, v2, v3, v4 are as
defined in Appendix A.
Therefore, if v1, v2, v3, v4 ∈ Q(
√
D) where D = Discriminant(f), then h(x) is reducible over Q(
√
D).
For f(x) = fE,P (x) = x
8−8wx6+6(2az+3b)x4−(4a3+27b2), D = −232(4a3+27b2)3(a6+18a5z2+54a4bz+
81a4z4 − 108a4zw2 + 54a3b2 + 486a3bz3 − 162a3bw2 − 108a3z3w2 + 108a3w4 + 1215a2b2z2 − 486a2bz2w2 +
1458ab3z − 1458ab2zw2 + 729b4 − 1458b3w2 + 729b2w4)2, so Q(√D) = Q(√−(4a3 + 27b2)).
We will next consider the discriminants d1 and d2 of the 2 quadratic polynomials that define the roots vi.
Then, d1 = 2
14(4a3 + 27b2)3(a6 + 18a5z2 + 54a4bz + 81a4z4 − 108a4zw2 + 54a3b2 + 486a3bz3 − 162a3bw2 −
108a3z3w2+108a3w4+1215a2b2z2−486a2bz2w2+1458ab3z−1458ab2zw2+729b4−1458b3w2+729b2w4) and
d2 = −21432(2az+3b)2(4a3+27b2)3(a6+18a5z2+54a4bz+81a4z4−108a4zw2+54a3b2+486a3bz3−162a3bw2−
108a3z3w2 + 108a3w4 + 1215a2b2z2− 486a2bz2w2 + 1458ab3z− 1458ab2zw2 + 729b4− 1458b3w2 + 729b2w4).
Let q = (a6+18a5z2+54a4bz+81a4z4−108a4zw2+54a3b2+486a3bz3−162a3bw2−108a3z3w2+108a3w4+
1215a2b2z2 − 486a2bz2w2 + 1458ab3z − 1458ab2zw2 + 729b4 − 1458b3w2 + 729b2w4) and let u = (27bz3 −
9a2z2 − a3)2.
Then, q − u = 32(z3 + az + b− w2)(2az + 2b+ 2z3 − 2w2) = 0, since z3 + az + b = w2.
Therefore, using the relation that P = (z, w) is a point on the elliptic curve, d1 and d2 simplify to d1 =
−214(4a3 + 27b2)3(27bz3 − 9a2z2 − a3)2 and d2 = −21432(2az + 3b)2(4a3 + 27b2)3(27bz3 − 9a2z2 − a3)2.
Therefore, p1 factors over Q(
√
d1) = Q(
√
D) and p2 factors over Q(
√
d2) = Q(
√
D). Therefore, h(x) factors
over Q(
√
D), which implies that Gal(f/Q) ≤ Hol(Q8).

Remark 4.6. Consider the embedding Q8 ↪→ S8 i 7→ (1, 3, 2, 4)(5, 7, 6, 8) and j 7→ (1, 5, 2, 6)(3, 8, 4, 7).
Then the subgroup of S8 generated by i and j is isomorphic to Q8 and the normalizer of this group in S8 is
isomorphic to the holomorph, Hol(Q8).
For example, for elliptic curve ‘83a1’ with P = (z, w) = (15,−108), f(x) = fE,P (x) = x8 + 864x6 + 2437x4−
28312831 and r(x) = x4 + 864x3 + 2437x2 − 28312831. The discriminant D of f(x) is 2723848337394. For the
polynomial f(x) there are the associated resolvent polynomials, k(x) = x6−2x5−4x4−16x3+16x2−32x−64
and h(x) = x12 − 2538x11 + 28312511931x10 − 213319514331x9 + 2183245171431711x8 − 2213317406031x7 +
22433625711593371x6 − 2293445171611731831x5 − 232348528311031620031x4 + 238355511113718324911x3 +
242360718327319211x2 − 2483677183341531x+ 25237283322713406331.
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The polynomial h(x) is irreducible over Q. Over, Q(
√
D), h(x) factors as (x6 − 2438x5 + 29312131171x4 −
2123198391x3+21632653831x2+1/(2143127391)(−√D−237346518317391)x+1/(211357391)(√D−2363415183238317391))(x6−
2438x5 + 29312131171x4 − 2123198391x3 + 21632653831x2x2 + 1/(2143127391)(√D − 237346518317391)x +
1/(211357391)(−√D − 2363415183238317391))
In this example, D = 2723848337394, , p1 = x
2+22433451831x+244360832459841431, p2 = x
2+226336518323831x+
25237283322713406331 d1 = 2
463608337392, d2 = 2
523748337392.
Non-example: Consider the degree 8 polynomial f(x) = x8 − 2x6 + 2x4 + 4x2 − 4. We can compute
that D = Discriminant(f) = −226832. In this case, k(x) = x6 − 2x5 − 4x4 − 16x3 + 16x2 − 32x − 64 and
h(x) = x12− 12x11 + 68x10− 240x9 + 832x8− 3008x7 + 7104x6− 8192x5 + 14592x4− 46080x3 + 239616x2−
385024x + 671744. This degree 12 polynomial h(x) does not factor over Q(
√
D). By computation, we also
find that Gal(f(x)/Q) ' S2 o S4.
In this case, D = 21671711107111, Discriminant(r(x)) = 2883, p1 = x
2 + 512x+ 405504, p2 = x
2 + 1152x+
671744, d1 = d2 = −21483.
Theorem 4.7. Let G = Hol(Q8). Then, G has 3 S4-quotients. Suppose that Gal(fE,Q8,P (x)/Q) = G.
Then, the 3 subfields with S4 Galois group over Q are the splitting fields of the following polynomials:
h1 = x
4 − 512dx2 + 215dw2x+ 216d(d+ w2(12az − 36b)) + 218d(27bz3 − 9a2z2 − a3)
h2 = x
4 − 512dx2 + 215dw2x+ 216d(d+ w2(12az − 36b))
h3 = x
4 − 8wx3 + 6(2az + 3b)x2 − d
where d = 4a3 + 27b2.
Proof. See the note about the procedure to find defining polynomials for quotients in a similar fashion to
Adelmann [13] [1]. 
Let ∆ = −16(4a3 + 27b2) and g = x4 − 4∆x − 12a∆, the polynomial that cuts out the unique S4-quotient
of the GL2(Z/4Z)-extension of Q given by Q(E[4])/Q when ρE,4 is surjective. See Adelmann [1] for more
detail about the 4-division polynomial and about g(x).
Theorem 4.8 ( Main Theorem ). Let kg/Q be the field extension given by adjoining a root of g = x4 −
4∆x− 12a∆ to Q. Let k1/Q be the field extension given by adjoining a root of h1 to Q.
Let α be a root of kg. Take β =
−1
32b (α
3 − 4aα2 + (8a2 − 72bz)α + 243d). This map gives an isomorphism
between kg and k1. Note that the isomorphism depends on the point P as does k1, whereas kg is independent
of the point.
Proof. Consider 38b4h1(β). It is a degree 12 polynomial in α with coefficients in Z[a, b, z, w]. See Appendix
B for the polynomial. After, reducing this polynomial using that α4 = 4∆α+12a∆, we get that 38b4h1(β) =
c3α
3 + c2α
2 + c1α+ c0 with ci ∈ Z[a, b, z, w]. See Appendix B for these coefficients. After further using that
P = (z, w) is a point on E, so z3 + az + b− w2 = 0, each of these coefficients reduces to zero and so this is
the zero polynomial. Therefore, β satisfies the polynomial 38b4h1(x) and the map is invertible, so the map
is an isomorphism. 
Specializing to the case of the elliptic curve ‘83a1’ with point P = (15,−108), we get that
h1 = x
4 − 217312831x2 + 227318831x− 23232472831
h2 = x
4 − 217312831x2 + 227318831x+ 2303258311811
h3 = x
4 + 2533x3 − 2437x2 − 28312831
g = x4 + 214312831x+ 214316471831
β = 1/(21351991)(α3 − 2233471α2 + 2638891α+ 212313831)
10 RACHEL DAVIS AND EDRAY HERBER GOINS
Appendix A
For f(x) = r(x2) of degree 8 and discriminant D, [20] gives a degree 12 resolvent polynomial h(x) irreducible
over Q such that whether the reducibility/irreducibility of h(x) over Q(
√
D) can be used to distinguish
between certain possible Galois groups of f(x) over Q. In this appendix, we give this resolvent polynomial,
in general and specialized to our context.
Suppose that f(x) = r(x2), where r(x) = x4+c3x
3+c2x
2+c1x+c0, in general and we will then specialize to
the case that r(x) = x4−8wx3+6(2az+3b)x2−(4a3+27b2) where E : y2 = x3+ax+b and P = (z, w) ∈ E(Q).
h(x) = x12 + d11x
11 + d10x
10 + d9x
9 + d8x
8 + d7x
7 + d6x
6 + d5x
5 + d4x
4 + d3x
3 + d2x
2 + d1x + d0 =
x12−6c2x11+(−10c0+4c1c3+15c22)x10+(50c0c2−20c1c2c3−20c32)x9+(55c20−34c0c1c3−106c0c22+2c0c2c23+
2c21c2+6c
2
1c
2
3+40c1c
2
2c3+15c
4
2)x
8+(−190c20c2+122c0c1c2c3+118c0c32−6c0c22c23−6c21c22−22c21c2c23−40c1c32c3−
6c52+v1+v2)x
7+(−150c30+130c20c1c3+270c20c22−10c20c2c23−10c0c21c2−38c0c21c23−174c0c1c22c3+4c0c1c2c33−
68c0c
4
2 + 6c0c
3
2c
2
3 + 4c
3
1c2c3 + 4c
3
1c
3
3 + 6c
2
1c
3
2 + 30c
2
1c
2
2c
2
3 + 20c1c
4
2c3 + c
6
2−3c2v1−3c2v2 +v3 +v4)x6 + (300c30c2−
260c20c1c2c3−190c20c32+20c20c22c23+20c0c21c22+76c0c21c2c23+118c0c1c32c3−8c0c1c22c33+16c0c52−2c0c42c23−5c0v1−
5c0v2−8c31c22c3−8c31c2c33−2c21c42−18c21c32c23−4c1c52c3+2c1c3v1+2c1c3v2+3c22v1+3c22v2−3c2v3−3c2v4)x5+
(225c40−210c30c1c3−240c30c22+30c30c2c23+30c20c21c2+79c20c21c23+172c20c1c22c3−14c20c1c2c33+64c20c42−16c20c32c23+
c20c
2
2c
4
3−14c0c31c2c3−14c0c31c33−16c0c21c32−42c0c21c22c23+2c0c21c2c43−32c0c1c42c3+4c0c1c32c33+10c0c2v1+10c0c2v2−
5c0v3−5c0v4+c41c22+2c41c2c23+c41c43+4c31c32c3+4c31c22c33+4c21c42c23−4c1c2c3v1−4c1c2c3v2+2c1c3v3+2c1c3v4−
c32v1−c32v2+3c22v3+3c22v4)x4+(15c20v1+15c20v2−7c0c1c3v1−7c0c1c3v2−8c0c22v1−8c0c22v2+c0c2c23v1+c0c2c23v2+
10c0c2v3+10c0c2v4+c
2
1c2v1+c
2
1c2v2+c
2
1c
2
3v1+c
2
1c
2
3v2+2c1c
2
2c3v1+2c1c
2
2c3v2−4c1c2c3v3−4c1c2c3v4−c32v3−
c32v4)x
3+(15c20v3+15c
2
0v4−7c0c1c3v3−7c0c1c3v4−8c0c22v3−8c0c22v4+c0c2c23v3+c0c2c23v4+c21c2v3+c21c2v4+
c21c
2
3v3 + c
2
1c
2
3v4 + 2c1c
2
2c3v3 + 2c1c
2
2c3v4 + v1v2)x
2 + (v1v4 + v2v3)x+ v3v4, where v1, v2, v3, v4 ∈ Q are defined
such that p1 = x
2− sum1x+product1 = (x−v1)(x−v2) and p2 = x2− sum2x+product2 = (x−v3)(x−v4).
Let e1 = r1+r2+r3+r4, e2 = r1r2+r1r3+r1r4+r2r3+r2r4+r3r4, e3 = r1r2r3+r1+r2r4+r1r3r4+r2r3r4,
and e4 = r1r2r3r4 be the elementary symmetric polynomials in the roots of r(x).
Then, product2 = v3v4 = e
8
1e
4
4−2e71e2e3e34+e61e22e23e24−7e61e2e44+4e61e23e34+14e51e22e3e34−6e51e2e33e24+2e51e3e44−
7e41e
3
2e
2
3e
2
4 + 2e
4
1e
2
2e
4
3e4 + 17e
4
1e
2
2e
4
4 − 23e41e2e23e34 + 6e41e43e24 − 10e41e54 − 27e31e32e3e34 + 29e31e22e33e24 − 6e31e2e53e4 +
3e31e2e3e
4
4+4e
3
1e
3
3e
3
4+e
2
1e
5
2e
3
4+12e
2
1e
4
2e
2
3e
2
4−7e21e32e43e4−29e21e32e44+e21e22e63+29e21e22e23e34−23e21e2e43e24+35e21e2e54+
4e21e
6
3e4 − 19e21e23e44 + 13e1e42e3e34 − 27e1e32e33e24 + 14e1e22e53e4 + 11e1e22e3e44 − 2e1e2e73 + 3e1e2e33e34 + 2e1e53e24 −
10e1e3e
5
4− 4e62e34 + e52e23e24 + 33e42e44− 29e32e23e34 + 17e22e43e24− 54e22e54− 7e2e63e4 + 35e2e23e44 + e83− 10e43e34 + 25e64.
Also, sum1 = v1 + v2 = −2e21e22e4 − 2e21e2e23 + 14e1e2e3e4 + 6e32e4 − 2e22e23 − 30e2e24. Also, sum2 = v3 + v4 =
c0 = −2e41e24 + 2e31e2e3e4 + 7e21e2e24− 4e21e23e4− 7e1e22e3e4 + 2e1e2e33− 2e1e3e24 + 2e22e24 + 7e2e23e4− 2e43 + 10e34.
Let g2 = −2e61e2e34 − 2e61e23e24 − 2e51e22e3e24 + 2e51e2e33e4 + 14e51e3e34 + e41e42e24 + 6e41e32e23e4 + e41e22e43 + 23e41e22e34 −
13e41e2e
2
3e
2
4 − 4e41e43e4 − 3e41e44 − 23e31e32e3e24 − 25e31e22e33e4 + 2e31e2e53 − 39e31e2e3e34 + 30e31e33e24 − 6e21e52e24 −
18e21e
4
2e
2
3e4 + 6e
2
1e
3
2e
4
3 − 20e21e32e34 + 171e21e22e23e24 − 13e21e2e43e4 − 29e21e2e44 − 2e21e63 − 30e21e23e34 + 102e1e42e3e24 −
23e1e
3
2e
3
3e4− 2e1e22e53− 213e1e22e3e34− 39e1e2e33e24 + 14e1e53e4 + 92e1e3e44 + 9e62e24− 6e52e23e4 + e42e43− 122e42e34−
20e32e
2
3e
2
4 + 23e
2
2e
4
3e4 + 303e
2
2e
4
4 − 2e2e63 − 29e2e23e34 − 3e43e24 − 106e54.
Then, product1 = v1v2 = g2 − (v3 + v4)(15c20 − 7c0c1c3 − 8c0c22 + c0c2c23 + c21c2 + c21c23 + 2c1c22c3).
Now, specializing to the case fP (x) = f(x) = r(x
2) = x8 − 8wx6 + 6(2az + 3b)x4 − (4a3 + 27b2), this
polynomial evaluates as
h(x) = x12 + (−2332az − 2233b)x11 + (2351a3 + 243351a2z2 + 243451abz + 213351191b2)x10 + (−253152a4z −
243252a3b − 283351a3z3 − 273551a2bz2 − 23345171111ab2z − 223551291b3)x9 + (2451111a6 + 2732531a5z2 +
2733531a4bz + 283551a4z4 − 21131a4zw2 + 23336911a3b2 + 293651a3bz3 − 21032a3bw2 + 25355931a2b2z2 +
25362331ab3z− 2934ab2zw2 + 361113171b4− 2835b3w2)x8 + (−273151191a7z− 263251191a6b− 2933591a6z3−
2835591a5bz2− 21136a5z5 + 21333a5z2w2− 2634131891a4b2z− 2103751a4bz4 + 21334a4bzw2− 25354491a3b3−
27364191a3b2z3+21135a3b2w2−26381791a2b3z2+21136a2b2z2w2−23372911511ab4z+21137ab3zw2−223851131191b5+
2938b4w2+v1+v2)x
7+(273152a9+293551a8z2+293651a7bz+21234171a7z4−2133151a7zw2+253551411a6b2+
21335171a6bz3 − 2123251a6bw2 + 21236a6z6 − 21534a6z3w2 + 28371511a5b2z2 + 21238a5bz5 − 21436a5bz2w2 +
28371811a4b3z+21137311a4b2z4−21234591a4b2zw2+23389291a3b4+21638a3b3z3−21135231a3b3w2−21337a3b2z3w2+
25310111371a2b4z2− 21239a2b3z2w2 + 253103891ab5z− 29371131ab4zw2− 2232az(v1 + v2) + 213105171711b6−
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2838411b5w2−2133b(v1+v2)+v3+v4)x6+(−2103252a10z−293352a9b−2113351191a9z3−2103551191a8bz2−
21635a8z5+2163251a8z2w2−283651431a7b2z−2153651a7bz4+2163351a7bzw2+21734a7z4w2−273651531a6b3−
2103652231a6b2z3 + 2143451a6b2w2 + 21835a6bz3w2 − 293951171a5b3z2 − 21438a5b2z5 + 21535231a5b2z2w2 −
263952291a4b4z − 2133951a4b3z4 + 21536111a4b3zw2 + 21537a4b2z4w2 − 25396471a3b5 − 2739512111a3b4z3 +
21637a3b4w2+21638a3b3z3w2+2251a3(v1+v2)−2631151831a2b5z2+21238411a2b4z2w2+2433a2z2(v1+v2)−
24311513111ab6z + 21239171ab5zw2 + 2434abz(v1 + v2)− 2232az(v3 + v4)− 23312111371b7 + 210310111b6w2 +
33411b2(v1+v2)−2133b(v3+v4)x5+(283252a12+2143351a11z2+2143451a10bz+21834a10z4−2153251a10zw2+
28365171a9b2+219354a9bz3−2143351a9bw2−22033a9z3w2+21237371a8b2z2−21935a8bz2w2+22032a8z2w4+
21237471a7b3z+21737a7b2z4−21336371a7b2zw2+22033a7bzw4+2538111971a6b4+21838a6b3z3−21236471a6b3w2−
21936a6b2z3w2+21834a6b2w4+210311231a5b4z2−21838a5b3z2w2+21935a5b2z2w4+210310791a4b5z+214310a4b4z4−
211310231a4b4zw2 + 21936a4b3zw4− 253151a4z(v1 + v2) + 2431271371a3b6 + 215311a3b5z3− 21039791a3b5w2−
21639a3b4z3w2 + 21737a3b4w4−243251a3b(v1 +v2)−2633a3z3(v1 +v2) + 2251a3(v3 +v4) + 283121011a2b6z2−
215311a2b5z2w2+21638a2b4z2w4−2535a2bz2(v1+v2)+2433a2z2(v3+v4)+28313371ab7z−293111011ab6zw2+
21639ab5zw4−2334231ab2z(v1+v2)+2434abz(v3+v4)+3143721b8−28312371b7w2+214310b6w4−2235111b3(v1+
v2) + 3
3411b2(v3 + v4))x
4 + (243151a6(v1 + v2) + 2
932a5z2(v1 + v2) + 2
933a4bz(v1 + v2) − 21031a4zw2(v1 +
v2)− 253151a4z(v3 + v4) + 233571a3b2(v1 + v2)− 2932a3bw2(v1 + v2)− 243251a3b(v3 + v4)− 2633a3z3(v3 +
v4) + 2
735a2b2z2(v1 + v2)− 2535a2bz2(v3 + v4) + 2736ab3z(v1 + v2)− 2834ab2zw2(v1 + v2)− 2334231ab2z(v3 +
v4) + 3
7371b4(v1 +v2)−2735b3w2(v1 +v2)−2235111b3(v3 +v4))x3 + (243151a6(v3 +v4) + 2932a5z2(v3 +v4) +
2933a4bz(v3 + v4)− 21031a4zw2(v3 + v4) + 233571a3b2(v3 + v4)− 2932a3bw2(v3 + v4) + 2735a2b2z2(v3 + v4) +
2736ab3z(v3+v4)−2834ab2zw2(v3+v4)+37371b4(v3+v4)−2735b3w2(v3+v4)+v1v2)x2+(v1v4+v2v3)x+v3v4,
where
v1 and v2 are the roots of p1 = x
2 + (273251a7z + 263351a6b + 2934a6z3 + 2836a5bz2 − 21332a5z2w2 +
2635231a4b2z − 21333a4bzw2 + 2536111a3b3 + 2737a3b2z3 − 21134a3b2w2 + 2639a2b3z2 − 21135a2b2z2w2 +
2338411ab4z−21136ab3zw2+2239171b5−2937b4w2)x+218a15+212323531a14z2+212333531a13bz+21534531a13z4−
22033a13zw2+21033711971a12b2+21635531a12bz3−21934a12bw2+21638a12z6−21933171a12z3w2+22033a12w4+
2123571171191a11b2z2+216310a11bz5−21835171a11bz2w2−22136a11z5w2+21236231431a10b3z+21338171191a10b2z4−
2173652a10b2zw2−2203751a10bz4w2+22434a10z4w4+21036411531a9b4+21439111131a9b3z3−21636411a9b3w2+
215311a9b2z6 − 217371371a9b2z3w2 + 22036a9b2w4 + 22535a9bz3w4 + 29393112391a8b4z2 + 215313a8b3z5 −
216310191a8b3z2w2−22039a8b2z5w2+22337a8b2z2w4+2931022731a7b5z+2113115931a7b4z4−215310411a7b4zw2−
21931051a7b3z4w2+22337a7b3zw4+22337a7b2z4w4+27395171111291a6b6+2123122331a6b5z3−214310411a6b5w2+
212314a6b4z6−2153102571a6b4z3w2 +21738171a6b4w4 +22438a6b3z3w4 +28311157971a5b6z2 +212316a5b5z5−
214312971a5b5z2w2−217312a5b4z5w2+222310a5b4z2w4+2831251292a4b7z+293138631a4b6z4−2133121791a4b6zw2−
21631351a4b5z4w2+222310a4b5zw4+220310a4b4z4w4+2631251291411a3b8+210314171191a3b7z3−21231372a3b7w2−
213312131291a3b6z3w2 + 216311111a3b6w4 + 221311a3b5z3w4 + 243145210971a2b8z2 − 2123141371a2b7z2w2 +
219313a2b6z2w4+2431551231591ab9z−211315791ab8zw2+219313ab7zw4+2231571131971b10−210315591b9w2+
212314191b8w4
and v3 and v4 are the roots of p2 = x
2 + (2751a9 − 2932a8z2 − 2933a7bz − 2123171a7zw2 + 2534a6b2 −
2113271a6bw2+217a6w4−2835a5b2z2−2836a4b3z−2113471a4b2zw2−2338a3b4−2103571a3b3w2+21633a3b2w4−
2538a2b4z2 − 2539ab5z − 283771ab4zw2 − 213971b6 − 273871b5w2 + 21336b4w4)x + 21252a18 + 21535a17z2 +
21536a16bz + 21635111a16z4 − 218315171a16zw2 + 2113471191a15b2 + 21736111a15bz3 − 217325171a15bw2 +
22036a15z6−22033291a15z3w2+22351a15w4+2133872a14b2z2+22038a14bz5−21935291a14bz2w2−22235a14z5w2+
22432171a14z2w4+21338591a13b3z+21638711a13b2z4−21634231531a13b2zw2−2213651a13bz4w2+22433171a13bzw4−
2283171a13zw6+283727891a12b4+21739311a12b3z3−215355231a12b3w2+218310a12b2z6−22036591a12b2z3w2+
221331271a12b2w4 − 2273271a12bw6 + 232a12w8 + 2123111731a11b4z2 + 218312a11b3z5 − 21939131a11b3z2w2 −
22039a11b2z5w2+22435171a11b2z2w4+2123111511a10b5z+2133121311a10b4z4−21537431611a10b4zw2−21931051a10b3z4w2+
22436171a10b3zw4−2283471a10b2zw6+28395271471a9b6+214314171a9b5z3−21438231411a9b5w2+216313a9b4z6−
217310891a9b4z3w2+220362291a9b4w4−2273571a9b3w6+23233a9b2w8+210314131291a8b6z2+216315a8b5z5−
21631272a8b5z2w2−218312a8b4z5w2+22139171a8b4z2w4+210315971a7b7z+2123141911a7b6z4−2133104111071a7b6zw2−
21731351a7b5z4w2+221310171a7b5zw4−2253871a7b4zw6+24313187011a6b8+213315711a6b7z3−2123115171411a6b7w2+
214315a6b6z6− 21631271171a6b6z3w2 + 218393311a6b6w4− 2243971a6b5w6 + 22937a6b4w8 + 273176611a5b8z2 +
214317a5b7z5−215314591a5b7z2w2−216314a5b6z5w2+220311171a5b6z2w4+273174791a4b9z+283172511a4b8z4−
2103131713831a4b8zw2 − 21531551a4b7z4w2 + 220312171a4b7zw4 − 22431071a4b6zw6 + 2331671131791a3b10 +
2931871131a3b9z3−2931419991a3b9w2−2123151491a3b8z3w2+2153124331a3b8w4−22331171a3b7w6+22839a3b6w8+
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2532051411a2b10z2 − 211318231a2b9z2w2 + 216314171a2b8z2w4 + 25320111131ab11z − 28316712571ab10zw2 +
216315171ab9zw4 − 22031371ab8zw6 + 318132731b12 − 27317171311b11w2 + 2133151071b10w4 − 21931471b9w6 +
224312b8w8.
Appendix B
The map kg → k1 given by α 7→ β = −132b (α3 − 4aα2 + (8a2 − 72bz)α+ 243d) is an isomorphism, where α is
a root of g. In this appendix, we show that β satisfies the defining polynomial h1 of k1.
38b4h1(β) = α
12 − 24aα11 + (255a2 − 2532bz)α10 + (−28a3 + 2733abz + 2634b2)α9
+ (−2817a4 − 21033a2bz − 2835ab2 + 2735b2z2)α8
+ (2137a5 − 21232a3bz + 21135a2b2 − 21035ab2z2 − 2937b3z)α7
+ (−2145a6 + 21533a4bz + 21135a3b2 + 21136a2b2z2 + 21237ab3z + 21237b4 − 21136b3z3)α6
+ (−2175a7 − 21833a5bz − 2143411a4b2 + 21535a3b2z2 − 21338a2b3z − 21537ab4+
21336ab3z3 + 21239b4z2)α5 + (216127a8 − 218325a6bz + 215365a5b2 − 215355a4b2z2−
2153611a3b3z + 21638a2b4 − 21536a2b3z3 − 21439ab4z2 − 21639b5z + 21238b4z4)α4
+ (2203a9 + 22034a7bz + 22134a6b2 + 21836a5b2z2 + 218367a4b3z + 2163713a3b4
− 21737a3b3z3 − 21736a3b3w2 + 21639a2b4z2 + 21839ab5z + 215311b6 − 215310b5z3
− 21539b5w2)α3 + (−22133a10 − 22135a8bz − 2193431a7b2 + 21937a6b2z2
− 2193617a5b3z − 2183717a4b4 + 21936a4b3w2 + 2173817a3b4z2 − 22039a2b5z
− 217311ab6 + 21739ab5w2 + 218311b6z2)α2 + (22433a11 − 22335a9bz+
22535a8b2 − 22437a6b3z + 220387a5b4 − 22136a5b3w2 − 2193107a3b5z+
22038a3b4zw2 + 219311a2b6 − 21939a2b5w2 − 218313b7z + 218311b6zw2)α
+ 22434a12 + 223365a9b2 + 222310a6b4 − 22337a6b3w2 − 220310a5b4z2
+ 22039a4b4zw2 + 21831119a3b6 + 220311a3b5z3 − 2203105a3b5w2
− 218313a2b6z2 + 218312ab6zw2 + 218314b8 + 218314b7z3 − 218314b7w2
After, reducing using that α4 = 4∆α+12a∆, this polynomial can be written as c3α
3+c2α
2+c1α+c0 where
the coefficients are the following:
c3 = 2
1736a4b3z + 21736a3b4 + 21736a3b3z3 − 21736a3b3w2 + 21539ab5z + 21539b6 + 21539b5z3 − 21539b5w2
c2 = −21936a5b3z−21936a4b4−21936a4b3z3+21936a4b3w2−21739a2b5z−21739ab6−21739ab5z3+21739ab5w2
c1 = 2
2136a6b3z + 22136a5b4 + 22136a5b3z3 − 22136a5b3w2 − 22038a4b4z2 + 21938a3b5z − 22038a3b4z4 +
22038a3b4zw2 + 21939a2b6 + 21939a2b5z3− 21939a2b5w2− 218311ab6z2− 218311b7z− 218311b6z4 + 218311b6zw2
c0 = 2
2337a7b3z + 22337a6b4 + 22337a6b3z3 − 22337a6b3w2 − 22039a5b4z2 + 221397a4b5z − 22039a4b4z4 +
22039a4b4zw2 + 2203105a3b6 + 2203105a3b5z3 − 2203105a3b5w2 − 218312a2b6z2 + 221312ab7z − 218312ab6z4 +
218312ab6zw2 + 218314b8 + 218314b7z3 − 218314b7w2
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